ABSTRACT. The set of (ordered) score sheets of a round-robin football tournament played between n teams together with the pointwise addition has the structure of an affine monoid. In this paper we study (using both theoretical and computational methods) the most important invariants of this monoid, namely the Hilbert basis, the multiplicity, the Hilbert series and the Hilbert function.
INTRODUCTION
Football matches are nowadays ubiquitous, stirring up deep passions in the society. Within the several procedures for selecting a winner from among many contestants, roundrobin tournaments are widely extended. A round-robin tournament is a competition in which each contestant meets all other contestants in turn. Famous examples of this kind of tournaments are the group stages of the FIFA World Cup, the UEFA European Football Championship and the UEFA Champions League (each group contains 4 teams). Goal difference (calculated as the number of goals scored minus the number of goals conceded) may be used to separate teams that are at the same level on points (according to the specific rules of a given tournament).
We consider score sheets of round-robin tournaments as tables showing the number of goals each team scores any other. Then, the problem of counting all possible score sheets (with the total number of goals fixed) of a certain tournament becomes naturally a problem for combinatorics and statistics. Moreover, we consider ordered score sheets in the sense that the teams are ordered by the total number of goals scored. While counting score sheets in general is an easy problem, the effective counting of ordered score sheets turns out to be a quite challenging problem for which a possible approach is presented in this paper. We would like point out that the counting of score sheets is a relevant issue in the theory of weighted logic and statistical games; for instance, see the book of Epstein [12, Chapter 9] which deals with score sheets of round-robin tournaments recording the number of points obtained by teams.
Round-robin tournaments may also be seen as directed graphs (see [14] or [15] ). We do not follow this approach here, our presentation is based on monoid theory.
In a recent paper D. Zeilberger [13] deduced a formula for counting of the number of ways for the four teams of the group stage of the FIFA World Cup to each have r goals for and r goals against. This is nothing but counting the number of 4 × 4 magic squares with line-sums equal to r under the restriction of all diagonal entries to be 0-the problem without this restriction was treated by R. P. Stanley [21, Proposition 4.6.19] . He also changes the number of teams in a computational experiment, see his web-page [22] .
Inspired by these results, we present in this paper a systematic study of the score sheets. We consider the set of (ordered) score sheets of a round-robin football tournament played between n teams. Since it turns out that this set has a natural structure of an affine monoid, say M n , we focus our attention on the most important invariants of the monoid -that are by no means easy to compute in general. More precisely, we study the Hilbert basis, the multiplicity, the Hilbert series and the Hilbert function of M n .
We note that, from a practical point of view, the most important numerical invariants are the Hilbert series and the Hilbert function, since they may be used for counting the number of ordered score sheets that may result from a round-robin football tournament. However, it turns out that they are also the most difficult to compute. This paper is structured as follows. In Section 2 we review some standard facts on rational cones and affine monoids. For details we refer the reader to Bruns and Gubeladze [4] or Bruns and Herzog [6] . Section 3 provides a short exposition about score sheets in the context of algebraic combinatorics; in particular, we introduce the monoid M n of the ordered score sheets of a round-robin tournament played by n teams. In Section 4 we study the Hilbert basis of M n for which we give a general description in Theorem 4.1.
In Section 5 we focus on counting ordered score sheets with a given total number of goals i.e., on computing the Hilbert series and the Hilbert function. The Hilbert function is given by a quasipolynomial, for which we can compute its leading coefficient (i.e., the multiplicity of the monoid) in general, see Theorem 5.1. Unfortunately, we are not able to present a general description of the Hilbert series; this may be a very difficult problem (see Question 5.7). Using the software Normaliz [8] , we study several (particular, but important) cases, namely we compute the Hilbert series for tournaments with up to 7 teams. The closing Section 6 contains a report on the computational experiments done.
PRELIMINARIES
In this section we recall the terminology used, following Bruns and Gubeladze [4] .
2.1. Rational cones, affine monoids and Hilbert bases. We denote by Z + , Q + , resp. R + the subsets of nonnegative elements in Z, Q, R. Let 0 = d ∈ Z + and 0 = a ∈ Q d . Denoting by , the scalar product in R d , we consider the closed rational linear halfspaces
is the intersection of finitely many closed linear rational halfspaces. Equivalently, by the theorem of Minkowski-Weyl (see [4, 1.15] ), C is of type An affine monoid M is a finitely generated submonoid of the lattice Z d . We say that M is positive if x, −x ∈ M implies x = 0. As in [4] , we use the following terminology. We deduce the following useful criterion. 
We shall assume in the following that deg x > 0 for all nonzero x ∈ M (such a grading exists given the fact that C is pointed) and that there exists an x ∈ Z d such that deg x = 1. Then the Hilbert series H M (t) is the Laurent expansion of a rational function at the origin: 
where e is the lcm of the degrees of the extreme integral generators of C.
Note that the above representation is not unique and that (in general) one can find denominators for H M (t) of much lower degree than those in the theorem. This problem is discussed in Bruns, Ichim and Söger [9, Section 4 ].
An equivalent statement can be given using the Hilbert function
Theorem 2.5. There exists a quasipolynomial Q with rational coefficients, degree d − 1 and period p dividing e such that H(M, i) = Q(i) for all i ≥ 0.
We recall that a function Q : Z → Q is called a quasipolynomial of degree u if
where a ℓ : Z → Q is a periodic function for ℓ = 0, . . ., u, and a u = 0. The period of Q is the smallest positive integer p such that a ℓ (i + jp) = a ℓ (i) for all i, j ∈ Z and ℓ = 0, . . ., u.
The cone C together with the grading deg define the rational polytope
The Hilbert series is precisely the Ehrhart series of P, see also [4, 6 .51].
It is not hard to show that the p polynomial components of Q have the same degree d −1 and the same leading coefficient
, where vol(P) is the lattice normalized volume of P (a lattice simplex of smallest possible volume has volume 1). The parameter
The reader interested in further details about Hilbert bases, Hilbert series and Hilbert function is referred to the books of Bruns and Gubeladze [4] and Bruns and Herzog [6] .
SCORE SHEETS
In this section we introduce the terminology on score sheets of round-robin football tournaments that we use in the following and we describe the (easy) general case.
The general case.
A score sheet S of a round-robin football tournament played between n teams T 1 , . . . , T n looks like the following table:
where g i j ∈ Z + and g i j represents the number of goals that the team T i scored the team T j . We denote by S n the set of all score sheets of a round-robin football tournament played between n teams. Remark that an entry g i j may be any nonnegative integer. Further, we denote by g i the total number of goals scored by T i , i.e.
We also set g S = (g 1 , . . . , g n ), and the Z-grading deg It is easy to see that the pointwise addition of two score sheets S 1 , S 2 ∈ S n is again an element of S n . Thus S n has a monoid structure and we can identify
Obviously the monoid S n has the same Hilbert basis as the monoid Z n 2 −n + . It is given by the set of the score sheets with the following properties:
(1) There exist 1 ≤ i, j ≤ n such that the team T i has scored exactly one goal against team T j and no goal against other team; (2) For all k = i the teams T k have scored no goal against other team.
Further, one may count scoring tables the same way that elements in Z n 2 −n + are counted. Set deg : Z n 2 −n + → Z to be the sum of the components, that is deg(S) = ||S||.
Then we get that the number of score sheets with total number of goals G, i. e. #{S ∈ S n : ||S|| = G}, is given by the Hilbert function H : Z + → Z + of the monoid Z n 2 −n + . Moreover, the monoids have the same multiplicity. Using well known facts about the monoid Z n 2 −n + , we easily obtain the following theorem: 
Moreover, e(S n ) = 1. This may be further interpreted as
3.2. Ordered score sheets. We say that a score sheet S ∈ S n of a round-robin football tournament played between n teams is an ordered score sheet if it satisfies the following inequalities:
or, equivalently, the inequalities g 1 ≥ g 2 ≥ · · · ≥ g n . We remark that this is in fact the form in which most score sheets are presented. It is easy to see that the set of the ordered score sheets of a round-robin football tournament played between n teams is a submonoid of S n , which we denote in the following by M n . Remark 3.3. There are exactly n! total orders that may be defined on the set g 1 , . . . , g n . We have chosen the natural one in order to define M n . 
THE HILBERT BASIS OF THE MONOID M n
In this section we present a general description of the Hilbert basis of the monoid M n of the ordered score sheets of a round-robin football tournament played between n teams. (1) 
Proof. Let B n be the subset of M n containing all score sheets S such that the teams T 1 , . . ., T i have scored exactly one goal against any other team, and the teams T i+1 , . . ., T n have scored no goal against other team for i = 1, . . ., n; or, in other words, the subset of the score sheets S where the vector g S is one of the following:
We have to show that B n is the Hilbert basis of M n . Using Corollary 2.3, we have to prove that the following is true:
(1) each element in M n can be written as a linear combination with positive coefficients of elements of B n ; (2) for every distinct A, B ∈ B n , the difference A − B / ∈ M n . (1) Let S ∈ M n , then there is a unique writing
We may assume that a r = 0; this means that for i = 1, . . ., r we may associate j i such that g i, j i = 0. We consider H ∈ B n which has precisely 1 at the position (i, j i ), and 0 otherwise. Then S − H ∈ M n . Since ||S − H|| < ||S||, the conclusion follows by induction. Proof. We first remark that the inclusion "⊇" is always true. We have to show the inclusion "⊆". Let S ∈ HB(M n ) be an element of the Hilbert basis and suppose it is not an extreme integral generator. Then it may be written as a linear combination of the extreme integral generators with nonnegative rational coefficients. (By the first remark, this is in fact a linear combination of Hilbert basis elements.) There exists 1 ≤ k ≤ n such that the element S has exactly one entry g S i j i = 1 for each 1 ≤ i ≤ k and no other nonzero entry. Any summand in the linear combination with nonzero coefficient can have nonzero entries only where S has them. Moreover, there must be one summand H with g H k j k = 1. The only element in the Hilbert basis that satisfies these two conditions is S itself! So it must appear in the linear combination, and this is a contradiction.
THE MULTIPLICITY AND THE HILBERT SERIES OF THE MONOID M n
This section will be concerned with the computation of two invariants of the affine monoid of the ordered score sheets of a round-robin football tournament played by n teams, namely its multiplicity and Hilbert series, deriving interesting formulas for explicit calculations.
5.1. The multiplicity of the monoid M n . A general formula for the multiplicity of M n reads off as follows.
Theorem 5.1. The multiplicity of the monoid M n is given by the following formula:
We deduce that all polynomial components of quasipolynomial representing the Hilbert function of M n have the same leading coefficient:
1 n!(n 2 − n − 1)! .
This may be further interpreted as
Proof. There are exactly n! total orders that may be defined on the set g 1 , . . ., g n . To each total order ≤ k we can attach a monoid of ordered score sheets M k n analogous to the way M n was defined. It is clear that
Elementary reasonings of measure theory show that, for all 1 ≤ i, j ≤ n,
By the inclusion-exclusion principle we obtain
Finally we deduce that
which in turn implies the claimed formula.
5.2.
Triangulations. The study of the triangulations of a convex polytope is one of the most important research areas in the theory of convex polytopes. The content of this subsection was inspired by a remark of Winfried Bruns.
Apart from the Z-grading given by deg S = ||S|| = g 1 + · · · + g n considered in Section 3, there is another Z-grading that is interesting, namely
Then, according to Corollary 4.4, every extreme integral generator has degree 1. In other words: the monoid M n is the Ehrhart monoid of an integral polytope P n (with vertices the extreme integral generators). Since P n contains the Hilbert basis of M n , P n is integrally closed. A sufficient condition for this to happen is that P n has a unimodular triangulation, i.e all simplices in the triangulation have the smallest possible volume 1. In general integral polytopes do not admit a unimodular triangulation, but the ones that admit such a triangulation are important for integer programming. This is indeed the case here, since P n is a compressed polytope. The class of compressed polytopes was introduced by Stanley [19] .
Proposition 5.2. P n is a compressed polytope. As a consequence, every pulling triangulation of P n is unimodular.
Proof. The (0, 1)-polytope P n consists of all solutions of the system of linear inequalities
It follows directly from Ohsugi and Hibi [16, Theorem 1.1] that the polytope P n is compressed.
Note that, on the one hand, a compressed polytope is not automatically a totally unimodular polytope (i.e. a polytope with all triangulations unimodular). On the other hand, it is true that a totally unimodular polytope is compressed. We will come back to this in Remark 6.2.
5.3.
The Hilbert series of the monoid M n . The Hilbert series and quasipolynomials for the monoid of ordered score sheets of tournaments among 2, 3 and 4 teams may be easily computed on a normal computer using the software Normaliz [8] . Let us start with the simplest case n = 2:
Proposition 5.3. The number of ordered score sheets Q(G) in a two-team game with given number of goals G is
Q(G) = G+2 2 if G even; G+1 2 if G odd.
Therefore, Q(G) is a quasipolynomial of degree 1 and period 2.
For n = 3 we obtain: The case n = 4 involves already big numbers:
Thus, in terms of a quasipolynomial formula we have
Q(G) =                                   Proposition 5.5
. Let Q(G) denote the number of ordered score sheets with given number of goals G. Then, Q(G) is a quasipolynomial of degree 11 and period 12. Moreover, we computed
where R(t) equals A · (G 0 , G, G 2 , . . ., G 11 
In addition, we have that the quasi-polynomial Q(G) equals the i-th row of the matrix given by the product
The cases n = 5, 6, 7 may also be computed using Normaliz [8] or its offspring NmzIntegrate [11] . A quite powerful computer should be used for these computations. The results obtained are summarized in the following: (
(2) For n = 6 it turns out that Q(G) is a quasipolynomial of degree 29 and period 60.
Moreover, we computed that the Hilbert series
(3) For n = 7 we get that Q(G) is a quasipolynomial of degree 41 and period 420.
Further, we computed that the Hilbert series
Note that the numerators of Hilbert series presented as rational functions in Proposition 5.6 are not written entirely by space reasons, since they are built up with too many and big coefficients.
We would like to close this section by raising the following open question:
Question 5.7. Does there exist a formula for the expression of the Hilbert series of M n (for any n)?
COMPUTATIONAL EXPERIMENTS
The results presented in the previous sections were first conjectured by extensive computational experiments. In this section we document these experiments, in the hope that the data obtained may be useful for readers interested in running similar experiments.
For the experiments we have used the software Normaliz [8] , together with the extension NmzIntegrate [11] and the graphical interface jNormaliz [1] . For the algorithms implemented in Normaliz, we recommend the reader to see Bruns and Koch [10] , Bruns and Ichim [7] , Bruns, Hemmecke, Ichim, Köppe and Söger [5] , Bruns and Söger [11] , and Bruns, Ichim, and Söger [9] . All computations were run on a Dell PowerEdge R910 with 4 Intel Xeon E7540 (a total of 24 cores running at 2 GHz), 128 GB of RAM and a hard disk of 500 GB. In parallelized computations we have limited the number of threads used to 20. In Tables 1 and 3 serial execution is indicated by 1x, whereas 20x indicates parallel execution with a maximum of 20 threads. By nxn we denote the monoid M n . All computation times are measured using version 3.0 of Normaliz. 6.1. Hilbert bases computations using Normaliz. We have run experiments using both the primal (see [7] and [5] ) and the dual algorithm of Normaliz (see [7] ). Table 1 contains the computation times for the Hilbert bases of the nxn ordered score sheets that we have obtained in these experiments. The command line option -N indicates the usage of the primal algorithm, and -d indicates the usage of the dual algorithm for Hilbert bases.
We discuss the observations made during this experiment in the following remark. Remark 6.1. (a) As can be seen from the table, the dual algorithm is better suited for computing the Hilbert bases of this particular family of monoids. This confirms the empirical conclusion that the dual algorithm is faster when the numbers of support hyperplanes is small relative to the dimension (see [9] for more relevant examples).
(b) We also note that the Hilbert basis of the 9x9 ordered score sheets is very likely computable with Normaliz and the dual algorithm, however we have stopped this experiment after about two weeks since we were able by that time to formulate Theorem 4.1.
(c) At a first glimpse the computation times may seem paradoxical and the reader may ask why parallelization has no effect in the computations presented in Table 1 . We briefly explain this in the following. On the one hand, when using the primal algorithm, Normaliz first finds the extreme rays of the cone C n = R + M n . This step is very fast and parallelization is very efficient. Then:
(1) it computes the support hyperplanes of C n by using the well-known FourierMotzkin elimination. It starts from the zero cone, and then the extreme rays are inserted successively (for details see [7, Section 4] ); (2) intertwined with (1), a partial triangulation of C is builded (for details see [5, Section 3.2] ). This partial triangulation is a subcomplex of the full lexicographic triangulation obtained by inserting successively the extreme rays (for details see [7, Section 4] ). For all the examples in Table 1 we observed that:
(1) the number of hyperplanes stays extremely low all the time during the FourierMotzkin elimination; (2) the partial triangulation is empty! Note that this is the case if and only if the full lexicographic triangulation is a unimodular triangulation. Parallelization as implemented in the current version of Normaliz is efficient if there are many support hyperplanes (at each step in the Fourier -Motzkin elimination) and after the (partial) triangulation reaches a reasonable size.
On the other hand, when using the dual algorithm the effective computation of the Hilbert basis is extremely fast and most of the time is spent on data transformation. This explains why parallelization has almost no effect.
6.2. Multiplicity, Hilbert Series and the exploitation of symmetry. For the following discussion we take as an example the monoid M 4 . For efficient computations we have encoded the entries of the 4x4 score tables as in the table below. * x 1 x 2 x 3 x 4 * x 5 x 6 x 7 x 8 * x 9 x 10 x 11 x 12 * As a subcone of R 12 + , the cone is defined by the inequalities in Table 2 .
≥ 0 +x 7 +x 8 +x 9 −x 10 −x 11 −x 12 ≥ 0 TABLE 2. Inequalities for C 4 It is easy to notice the high degree of symmetry of these inequalities. As is often the case, it is better to use for effective computations the elegant approach of Schürmann presented in [18] . If certain variables, for example x 1 , x 2 , x 3 , occur in all of the linear forms given in Table 2 , then any permutation of them acts as a symmetry on the corresponding cone, and the variables x 1 , x 2 , x 3 may be replaced by their sum The theory of generalized Ehrhart functions has recently been developed in several papers; see Baldoni, Berline, De Loera, Köppe, and Vergne [2] , [3] , and Schechter [17] (they are also refereed as generalized Ehrhart series, depending on the context). An extension of Normaliz to the computation of generalized Hilbert series is presented in [11] and implemented as NmzIntegrate [8] . We briefly note that the approach to the computation of generalized Hilbert series in NmzIntegrate is essentially based on Stanley decompositions [20] . For further details we point the reader to [11] and the manual of NmzIntegrate. Table 3 contains the computation times for the multiplicities of the ordered score sheets. The option -v indicates the standard Normaliz algorithm for computing multiplicities, and -L indicates the usage of NmzIntegrate for computing multiplicities.
Remark 6.2. For computing the multiplicity using the option -v Normaliz is producing a full triangulation of the cone. In all the cases in which we were able to compute the multiplicity by this algorithm, the explicit triangulation obtained was unimodular. As observed above, also the implicit triangulations obtained in computations made using the option -N were unimodular. We also note that, in general, the triangulations made by Normaliz are not the pulling triangulations implied by Proposition 5.2. This is a remarkable fact, and one may ask if it is true for all triangulations, or in other words: is the polytope P n totally unimodular? Tables 3 and 4 by NmzIntegrate. There is a simple explication for this. NmzIntegrate uses the Stanley spaces in the Stanley decomposition in order to parallelize computations, see [11] . For the family of monoids M ′ n , the Stanley decomposition generated by Normaliz and used by NmzIntegrate contains only one Stanley space, so parallelization is not effective.
